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Beyond Automata

Extending these results...
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Beyond Automata

Extending these results...
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Beyond Automata

Extending these results...
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Weighted Automata .
N-weighted automaton

aaaaaa

as a quantitative model [Sch61]

a: 1l a: 1l

start —> G
0
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Weighted Automata .
N-weighted automaton

aaaaaa

as a quantitative model [Sch61]

a: 1l a: 1l

start —> G
0

Value = 0
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Weighted Automata .
N-weighted automaton

aaaaaa

as a quantitative model [Sch61]

2 X1 x1x1x1Xx
P—4qdq—q4q—qd—q—(q 5

a: 1l a: 1l

start —> G
0

Value = 10
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Weighted Automata

as a quantitative model [Sch61]

a: 1l

1'Ill" a: 2
start —>
0
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N-weighted automaton

aaaaaa

Value = 20
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Weighted Automata .
N-weighted automaton

aaaaaa

as a quantitative model [Sch61]

2 X1 x1x1x1Xx
—{qd—q9—4d—q—(
a: 1l a: 1l I x92%x1x1x1x
+ p—pP—qdq—q9—q—( 5
1 X1 xXx2x1x1X
a: 2 —+ P—pP—P—4d—q—( 5
start—> G
0

Value = 30
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Weighted Automata .
N-weighted automaton

as a quantitative model [Sch61]

aaaaaa
2 X1 X1 x1XxX1X
pP—qdq—q4q—4—q—(q 5
a: 1l a: 1l I x92%x1x1x1x
+ p—pP—qdq—q9—q—( 5
1 X1 x2x1x1X
a: 2 —+ P—pP—P—4d—q—( 5
start% G 1 X1 X1 Xx2XxX1X
+ pPp—-pP—P—DP—q—( 5
0 5

Value = 40
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Weighted Automata .
N-weighted automaton

as a quantitative model [Sch61]

aaaaaa
2 X1 X1 x1XxX1X
pP—qdq—q4q—4—q—(q 5
a: 1l a: 1l I x92%x1x1x1x
+ p—pP—qdq—q9—q—( 5
1 X1 x2x1x1X
a: 2 —+ P—pP—P—4d—q—( 5
start% G 1 X1 X1 Xx2XxX1X
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+ P—P—P—DP—DP—( 5

Value = 50
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Weighted Automata

as a quantitative model [Sch61]

a: 1l

1'Ill" a: 2
start —>
0
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N-weighted automaton

aaaaaa

2 X1 X1 x1XxX1X

P—4qdq—q4q—qd—q—(q 5
1 X 2x1x1Xx1X

+ p—pP—qdq—q9—q—( 5
1 X1 x2x1x1X

+ P—pP—P—4qd—q—(q 5
1 X1 x1x2x1X

+ pPp—-pP—P—DP—q—( 5
1 X1 x1x1x2X

+ P—P—P—P—DP—( 5
1 X1 x1x1x1xX

+ pPp—-pP—P—DP—DP—D 0

Value = 50
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Weighted Automata .
N-weighted automaton

as a quantitative model [Sch61]

aaaaaa

2 X1 X1 x1XxX1X
pP—qQ—9q—9q—9—q 5

a: 1l a: 1l I x92%x1x1x1x
+ p—pP—qdq—q9—q—( 5

1 X1 x2x1x1X
a: 2 —+ P—pP—pP—qdq—q—(q 5

start% G 1 X1 X1 Xx2XxX1X
+ pPp—-pP—P—DP—q—( 5

0 5 1 X1 xXx1x1X2X
+ P—pP—P—P—DbP—(q 5

1 X1 x1x1x1xX
+ pPp—-pP—P—DP—DP—D 0

Value = 50

f(w) = 10(Jw| = 1)
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Example Polynomials

in QX]

T(X,Y) = (X —Y)?] UX,Y,Z) = Z(X +Y)? —2(X — V)2

[S(X,Y) = —XV/3]




Now, why is it interesting?
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functions [EMO02; Boj18]

(Qﬁa)aef‘ - MSOF
p< € MSO
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Polyregular Functions

One (among many) way to define
functions [EM02; Boj18]

(@a)aef‘ E MSOF
p< € MSO

One can also define FO (aperiodic) functions!

Open Problem: decide if a polyregular function is aperiodic.
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

< is unused Va1, ..., 2,) ~ counting!

N-polyregular function 1
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An easier setting, and a subclass of
weighted automata! [Sch62]

< is unused

w = Jwl? + 5wl N-polyregular function
w = [wlq X [wlp

., Ty) ~ counting!
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

Polynomial Growth /\ N-weighted automaton w — 21wl lw|

w = Jwl? + 5wl N-polyregular function
w = [wlq X [wlp
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Unary Polyregular Functions

An easier setting, and a subclass of
weighted automata! [Sch62]

3k € N.f(w) = O(Jw|¥) /\ N-weighted automaton w > 211w

w = Jwl? + 5wl N-polyregular function
w = [wlq X [wlp
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Z*

Z~weighted automata

Ul

N 2

_|

Z [CDL23]
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All protagonists

With open problems from [Dou23;
Kar77]

Weighted Automata World
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All protagonists

With open problems from [Dou23;
Kar77]

7ZSF N NPoly = NSF

N
w
o4

N----------->

2,
2

[CDL23]

Folklore

A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

Open Problem 2




Simplify further:
commutative input
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Commutative Input?

g

W,

Z*

f(abab) = f(aabb)
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Commutative Input?

f(w) = |wla

fw) = (Jwla = |w]y)?

fw) = |w[Z = 2|wla|w], + [w]}

—

In particular: polynomials in N[X] and Z]|
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All protagonists

With open problems from [Dou23;

Kar77] [CDL23]
ZSF

N

ZSF N NPoly = NSF

Open Problem 2

1 Folklore

NSF ———————3 NPoly

Open Problem 1
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An easy case

Z-polynomials are all in ZWA...
more!

?

LTheorem [Boj18]: the pre-image of a finite set is }

reqular

PH{0}) = {w [ wla = w]s}
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of Karhuméki [Kar77].

P:PmaX+Prest

Poax € N[X] vZ e NF, P(Z) > 0

large enough K and hardcode small values.

LIdea: P(X; + K,..., X, + K) € N[X] for some } :H

P € NWA
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A previous statement

of Karhuméki [Kar77].

P:PmaX+Prest

Poax € N[X] vZ e NF, P(Z) > 0

large enough K and hardcode small values.

LIdea: P(X; + K,..., X, + K) € N[X] for some ‘ :H [Counterexample: P=Z(X+Y)?+2(X - Y)2 ]
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Corrected Theorem

Theorem: For all P € Z[X], there exists a computable K € N such that
P e NWA
P € NPoly
P € NSF
every partial evaluation of P has positive maximal coefficients
every partial evaluation up to K of P has positive maximal coefficients
every partial evaluation of P translated by K belongs to N [)? ]
every partial evaluation up to K of P translated by K belongs to N[X]
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Corrected Theorem

—

Theorem: For all P € Z[X], there exists a computable K € N such that
P e NWA
P € NPoly
P e NSF
every partial evaluation of P has positive maximal coefficients
every partial evaluation up to K of P has positive maximal coefficients
every partial evaluation of P translated by K belongs to N[X]
every partial evaluation up to K of P translated by K belongs to N[X]

Remark: with at most two indeterminate, it is the same as [Kar77].




A short break for our sponsors:
polynomial pumping arguments
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Also known as: forcing commutativity
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Also known as: forcing commutativity




2024-11-12 [LINKS, LILLE] A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

Binomial Coeflicients

as polynomials
X—p) _
k
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Binomial Coeflicients

as polynomials

Binomial: (7)) = 5(X —p)(X —p—1)--- (X —p—k+1)

k k!

Natural Binomial Polynomials: positive linear combinations of products of binomials




2024-11-12 [LINKS, LILLE] A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

Binomial Coeflicients

as polynomials

Binomial: (7)) = 5(X —p)(X —p—1)--- (X —p—k+1)

k k!

Natural Binomial Polynomials: positive linear combinations of products of binomials

Theorem: Vf, Vp, Jw € N, 3K € N such that

~

NPol
s —LETPY _, 5

|
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Binomial Coeflicients

as polynomials

A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

Binomial: (7)) = 5(X —p)(X —p—1)--- (X —p—k+1)

k k!

Natural Binomial Polynomials: positive linear combinations of products of binomials

Theorem: Vf, Vp, Jw € N, 3K € N such that

NPol
s —LETPY _, 5

|

~

-

.

NSF
s 1€ ' 7

|

(N>g)*
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Back to Z

Let P € Q[X]
Classical result from Pélya [P6115]

[P(Z’“)QZ}Z{P(N’“)QZH P ¢ IBP J

ﬂ ﬂ Binomials are in ZSF

[PGZWA }_—_[PGZPon](:( P € 7ZSF J

Integer Binomial Polynomials: integer linear combinations of products of binomials.

(lqzlzjl) =# (/\lgi;éjgé T; # 1‘]‘) (w)
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And now for N

Let P € Q[X]
Identification of coefficients

aP € NWA aP € NWA P e SNBP

ﬂ ﬂ Binomials are in NSF

[PGNWA }_—_[PGNPon](:( P € NSF J

Strongly Natural Binomial Polynomials: Natural Binomial Polynomials, stable under partial evaluations




Tying the knot:
commutative input
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Commutative Input
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Commutative Input
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Commutative Input

e

f € NPoly f € NSF

Conjecture: true without commutative assumption
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Previously, in Z-
polyregular functions

Theorems from [CDL23]

e

f € ZPoly

2*

o

(N>k )

/ng(p))

¥/

~

A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

r

f € ZPoly

> 7,




2024-11-12 [LINKS, LILLE] A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA

Previously, in Z-
polyregular functions Theorems from [CDL23]

( N

fEZPoly s+ I € ZPoly

DY 7
VPI /dedeg@))

(N>k )

.
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Previously, in Z-

polyregular functions

e

.

f € ZPoly

DY > 7,
VPI /0(|w/|dx‘;g(p))

(N>k )

~

[f(w)] = O(lw]")

Theorems from [CDL23]

-

f € ZPoly

> 7,

f € ZSF

Consequence: NSF = NPoly N ZSF in the commutative setting!

A. LoPEZ — POLYNOMIALS AND WEIGHTED AUTOMATA
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Conclusion

Towards Series: define aperiodic ZWA and NWA

_[epL23], [Sch62] (but not like [DGO5; DG19]).

ZPoly —————4 ZWA

N

Spectrum in R>g, aperiodic fi-
nite quotients, pumping arguments

A~
1
1
1
1
1
1
1
1
1
1

Open Problem 2

Folklore
NSF =———— NPoly ——— 3 NWA

Dropping Commutation: attempted a WQO
approach building a canonical model [Lop24].

Using aperiodic approximations?

In the Commutative Setting!

Open Problem 1
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