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Using logic to express properties of structures

Definition

Let £ be some logic (e.g., FO logic, (Monadic) SO logic, etc.).

We say that some property P of structures is expressible in L if there
exists a sentence ¢ in L, s.t. for all structures A, the following

equivalence holds:
A has property P iff A= ¢

Example

Property: “graph is closed w.r.t. transitivity” :
This property is expressible in First-Order logic:

¢ = VXVyVZ(e(X,y) Ae(y,z) — e(x, z))

Pichler 15 May, 2018



Database Theory 7. Ehrenfeucht-Fraissé Games

Using logic to express properties of structures

Example

Property: “3-Colorability of a graph”

This property is expressible in Monadic Second-Order logic (MSO):

EIXEIYEIZ(partition(X, Y.,Z) A legal(X, Y, Z)) with

partition(X,Y,Z) =Vv((ve XVveYVveZ)A
(veXAveEY)Aa(veXAveEZ)A-(veEY AvEZ))

legal(X,Y,Z) =Vuvv(e(u,v) = (~(u€ X Av e X)A
“(UeEYAVEY)A-(uEZAVEZ))

Remark. We shall provide tools to prove that 3-Colorability (of finite
graphs) is not expressible in FO.
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Motivation

m Goal: Inexpressibility proofs for FO queries.

m A standard technique for inexpressibility proofs from logic (model
theory): Compactness theorem.

e Discussed in logic lectures.
e Fails if we are only interested in finite structures (=databases).
The compactness theorem does not hold in the finite!

m We need a different technique to prove that certain queries are not
expressible in FO.

m EF games are such a technique.
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Inexpressibility via Compactness Theorem

Theorem (Compactness)

Let ® be an infinite set of FO sentences and suppose that every finite
subset of ® s satisfiable. Then also ® is satisfiable.

Definition
Property CONNECTED: Does there exists a (finite) path between any
two nodes u, v in a given (possibly infinite) graph?

Theorem

CONNECTED is not expressible in FO, i.e., there does not exist an FO
sentence 1), s.t. for every structure G representing a graph, the following
equivalence holds:

Graph G is connected iff G |= 1.
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Proof.

Assume to the contrary that there exists an FO-formula v which expresses
CONNECTED. We derive a contradiction as follows.

Extend the vocabulary of graphs by two constants ¢; and ¢; and consider
the set of formulae ® = {¢)} U {¢, | n > 1} with

Gpi=—dxi... Iy x1=caAxp = A /\ E(xi, Xit1)-
1<i<n-1
(“There does not exist a path of length n — 1 between ¢; and ")
Clearly, ® is unsatisfiable.

Consider an arbitrary, finite subset ®¢ of . There exists nmax, s.t.
dm & Do for all m > Nmax.

®y is satisfiable: indeed, a single path of length nmax + 1 (where we
interpret ¢ and ¢ as the endpoints of this path) satisfies ®o.

By the Compactness Theorem, @ is satisfiable, which contradicts the
observation (2) above. Hence, v cannot exist. O
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Compactness over Finite Models

Question. Does the theorem also establish that connectedness of finite
graphs is FO inexpressible? The answer is “no”!

Proposition

Compactness fails over finite models, i.e., there exists a set ® of FO
sentences with the following properties:
m every finite subset of ® has a finite model and

m ® has no finite model.

Proof.

Consider the set ® = {d, | n > 2} with d, ;= 3x;...3x, /\,.751. 55 5= 5,
i.e., d, < there exist at least n pairwise distinct elements.

Clearly, every finite subset g = {d;,,...,d; } of ® has a finite model:
just take a set whose cardinality exceeds max({/,...,ik}).
However, ® does not have a finite model.
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Rules of the EF game

Two players: Spoiler S, Duplicator D.
“Game board”: Two structures of the same schema.
Players move alternatingly; Spoiler starts (like in chess).

The number of moves k to be played is fixed in advance (differently
from chess).

Tokens 51, s ,Sk, Dl, sy Dy.

In the i-th move, Spoiler first selects a structure and places token S;
on a domain element of that structure. Next, Duplicator places
token D; on an arbitrary domain element of the other structure.
(That's one move, not two.)

Spoiler may choose its structure anew in each move. Duplicator
always has to answer in the other structure.

A token, once placed, cannot be (re)moved.

The winning condition follows a bit later.
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Notation from Finite Model Theory

m A, B denote structures (=databases),
m |A| is the domain of a structure A,
m E4 is the relation E of a structure A.
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A game run with kK =3
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A game run with kK =3

EB
EA b1 by
a a by b
dar» ai . .
: by b3
dgq as b1 b4
by by
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A game run with kK =3

A
(G)—)

EB
E.A
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a ai
dgq as

b
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A game run with kK =3

A
E—C) D) —(t)

EB
EA b1 by
a a by b
dar» ai . .
o by b3
dgq as b1 b4
by by
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A game run with kK =3

A
E—C) D) —(t)
D)) s(e)—(8)

EB
A by b 18]
b b
: : by b3
dgq as b1 b4
by by
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A game run with kK =3

A
O—@s E—®
s ()

EB
A by b 18]
b b
: : by b3
dgq as b1 b4
by by
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A game run with kK =3

A
@D—@s o0 (E— )
D@ oo

EB
A by b 18]
b b
: : by b3
dgq as b1 b4
by by
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Partial isomorphisms

Definition
m Als : Restriction of a structure A to the subdomain S C |A|. Same
schema: for each relation R4:

RAls .= {(ay,...,ak) € R* | ay,...,ax € S}.

m A partial function 6 : | A| — |B| is a partial isomorphism from A to
B if and only if 6 is an isomorphism from Alqom(6) t0 Bling(s)-

m This definition assumes that the schema of A does not contain any
constants but is purely relational.
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Partial isomorphisms

Example
|A| |B|
RA 1 RB a
1 2 3 2 a b c b
2 1 4 3 a b d c
4 d
Lo R 2. | RB|(ab.c} |
0 - 2— b |1 53 P
3—~c

0 is a partial isomorphism.

Pichler 15 May, 2018



Database Theory 7. Ehrenfeucht-Fraissé Games

Partial isomorphisms

The partial function 6 : | A| — |B| with
a — by
0 : as +— b3
dg b1

is not a partial isomorphism: A FE ay # a4, BE 0(a2) # 0(as).
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Partial isomorphisms

Dl @ |

The partial function 6 : | A| — |B| with

all—>b3
0 : a4|—>b2
a3|—>b1

is a partial isomorphism.
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Partial isomorphisms

The partial function 6 : | A| — |B| with
a1 — bs
0: dg — b1
as +— by

is not a partial isomorphism: A E E(ay, a3), B¥ E(6(a1),60(a3))
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Winning Condition

m Duplicator wins a run of the game if the mapping between elements
of the two structures defined by the game run is a partial
isomorphism.

m Otherwise, Spoiler wins.

m A player has a winning strategy for k moves if s/he can win the
k-move game no matter how the other player plays.

m Winning strategies can be fully described by finite game trees.

m There is always either a winning strategy for Spoiler or for
Duplicator.

m Notation A ~ B : There is a winning strategy for Duplicator for
k-move games.

m Notation A ~ B : There is a winning strategy for Spoiler for
k-move games.
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Game tree of depth 2

by

|DWinsHSwinsHDwins”SwinsHSwinsHDwins||Swins||Dwins|

(Here, subtrees are used multiple times to save space — the game tree
really is a tree, not a DAG.)
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Game tree of depth 2; Spoiler has a winning strategy

|A]

|B]
by

|Dwins||Swins||Dwins”SWins||Swins||Dwins||Swins||Dwins|

1st winning strategy for Spoiler in two moves (A =, B)
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Game tree of depth 2; Spoiler has a winning strategy

|A]

|B]
by

|Dwins||Swins||Dwins”SWins||Swins||Dwins||Swins||Dwins|

2nd winning strategy for Spoiler in two moves (A =, B)
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Game tree of depth 2; Spoiler has a winning strategy

|A]

|B]
by

|Dwins||Swins||Dwins”SWins||Swins||Dwins||Swins||Dwins|

3rd winning strategy for Spoiler in two moves (A =, B)
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Schema of a winning strategy for Spoiler

There is a possible move for S such that
for all possible answer moves of D
there is a possible move for S such that
for all possible answer moves of D

S wins.
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Schema of a winning strategy for Duplicator

For all possible moves of S
there is a possible answer move for D such that

for all possible moves of S
there is a possible answer move for D such that

D wins.
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Example 1: A ~, B — Duplicator has a winning strategy

symm. with a;

bs

symm. with by

So— ar

D> — by

|Dwins| |Dwins| |Dwins| |Dwins| |Dwins|

Pichler 15 May, 2018
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Example 2: A ~, B — Spoiler has a winning strategy

B E 3X1VX2 —|E(X1,X2)

A B
e @ AFE IxVxo —E(x1, x2)
o P
e @ @ S1 > b

Di+— a1 az

52'—)32

D> — by/2/3/4 by1/2/3/4 b1/2/3/4 b1/2/3/4

|Swins| |Swins| |Swins| |Swins|
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Example 3: A »3 B

HOROROR0R0Z0)
HOAOROR0202020

mm.
S, s bs 24, a5, 36 SY

Dy — a>

S3’—)b5

|Swins| |Swins| |Swins| |Swins| |Swins| |Swins| |Swins|
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Example 4: A =, B

51:X1'—>b1

Di:x1— a1

S x> ag

D2!X2i—)b1

az, a3, a4 symm.

D2 I X2 > b2/3/4

‘9

.A E X1 75 X2[31, 34]
BEx = Xz[b1, b1]

AF (=E(x1, x2))[a1, a4]
BE E(X17 Xz)[b1, b#l]
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Example 4: an FO sentence to distinguish A and B

51:X1'—>b1

Di:x1— a1

az, as, a4 symm.
Sixo— as

D22X2’—)b1

Dz I Xo b2/3/4

‘9

‘ A Exi # xla1, ai] A E (—E(x1, x))[a, a]
@ B':X1 =X2[b1,b1] BE E(X1,X2)[b1,b¢1]

If x1 — a1 in A and x; — by in B then there exists an x, (that is, a4) in A
such that x1 # x2 and =E(x1, x2). In B this is not the case.
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S1:X1'—>b1

D12X1l—)31

AE (E|X2 X1 ;é Xo N\ —\E(X1,X2))[a1]
BE (VXz X1 =x V E(Xl,Xz))[bl]

az, as, d4 symm.

B

AN

Pichler 15 May, 2018
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51:X1'—>b1

Dy x1 — ai/2/3/4

AFE (3xe x1 # x2 A =E(x1, %)) [a1/2/3/4]
BE (Vx2 = x V E(x, %)) [bi]

B

AN

Pichler 15 May, 2018
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51:X1'—) b1

Dy x1 — ai1/2/3/4

AFE (3xe x1 # x2 A =E(x1, x2)) [a1/2/3/4]
B E (Vxx=xV E(x,x))[b]

B

AN
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BEIxiVxe x1 = xo V E(X1,X2)
AEVxidx x1 ;é X2 N\ —|E(X1,X2)

oy

%
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Example 5: an FO sentence to distinguish A and B

@ @ two symmetric binary relations
B " R (red) and S (black).
) A

X2 — b

Dy : xo > by2/3/4 X2 > dz/3/4

Frare] [ 50un]
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Example 5: an FO sentence to distinguish A and B

ev@ two symmetric binary relations
R (red) and S (black).
@‘@ At

S X1 — a1
D X1l—>b1/4 x1 — by X1 — b3
) X2 —r as X20—>b3
® ot
D; : xo — b1/2/3/4 X2 — a1 X2 > az/3/4
|B':X175X2| |B':—\5(X1,X2)|

¢ = Ixi(3xe R(x1, %)) A Bxa x1 # xe A =S(x1,%); AF ¢, BE ¢.
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Example 6: an FO sentence to distinguish A and B
A

|BP:x17éX3| |BP:ﬁE(X1,X3)| |BP:x27éX3|

¢ = IxiIxo (Ixz x1 #x3 A E(x1,x3) A X0 #x3) A x1 # x20 A ~E(x1, %) BE ¢, AFE ¢.
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An FO sentence that distinguishes between A and B

m Input: a winning strategy for Spoiler.

m We construct a sentence ¢ which is true on the structure on which
Spoiler puts the first token (this structure is initially the “current
structure”) and is false on the other structure.

m Spoiler’s choice of structure in move i decides the i-th quantifier:
e dx; if i =1 or if Spoiler chooses the same structure that she has
chosen in move i — 1 and
e —dx; if Spoiler does not choose the same structure as in the previous
move. We switch the current structure.

m The alternative answers of Duplicator are combined using
conjunctions.

m Each leaf of the strategy tree corresponds to a literal (=a possibly
negated atomic formula) that is true on the current structure and
false on the other structure. Such a literal exists because Spoiler
wins on the leaf, i.e., a mapping is forced that is not a partial
isomorphism.
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Main theorem

Definition
We write A =, B for two structures A and B if and only if the
following is true for all FO sentences ¢ of quantifier rank k:

AE¢ & BEg.

Theorem (Ehrenfeucht, Fraissé)

Given two structures A and B and an integer k. Then the following
statements are equivalent:
A= B, ie, A and B cannot be distinguished by FO sentences of
quantifier rank k.
A ~y B, i.e., Duplicator has a winning strategy for the k-move EF
game.

Pichler 15 May, 2018
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Proof of the theorem of Ehrenfeucht and Fraissé

Proof.

m We have provided a method for turning a winning strategy for
Spoiler into an FO sentence that distinguishes A and B.

m From this it follows immediately that
A B = A#cB
and thus
A= B = A~y B.
m We still have to prove the other direction (A #£x B = A = B).

m Proof idea: we can construct a winning strategy for Spoiler for the
k-move EF game from a formula ¢ of quantifier rank k with A E ¢
and B E —¢.

O
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Proof of the theorem of Ehrenfeucht and Fraissé

Lemma (quantifier-free case)

Given a formula ¢ with qr(¢) = 0 and free(¢) = {x1,...,x}. If

AE ¢lai,,...,a;] and BE (=¢)[bj, ..., b;] then
{ail = bj17' -y @i bJI}

is not a partial isomorphism.

Proof.

W.l.o.g., only atomic formulae may occur in negated form.
By structural induction:

m If ¢ is an atomic formula, then the lemma holds.

m If ¢ =11 A b then = = (—tp1) V (—¢b2); the lemma holds again.

m If ¢ = 1)1 V1hr then = = (—p1) A (—h2); as above.

Pichler 15 May, 2018
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Proof of the theorem of Ehrenfeucht and Fraissé

Lemma

Given a formula ¢ with k = qr(¢) and free(¢) = {x1,...,x} for | > 0.
If AE ¢lai,...,a;] and BE (=¢)[bj, ..., bj] then Spoiler can win each
game run over k + | moves which starts with a; — bj,,...,a; +— bj.

Proof

By induction on k:
m qr(¢) = 0: see the lemma of the previous slide.

m ¢ = dx;41 : There exists an element a;,, such that
AkE @[J[a,'l, 500g a,-,+1] but for all bj/+1v BE (_‘w)[bjn 500 bj/+1]' If the
induction hypothesis holds for ¢ then it also holds for ¢.

m ¢ = Vx;41 ¢: This is analogous to the previous case if one considers
—¢ = Axjy1 " with ¢ = =) on B.

m ¢ = (Y1 An) and ¢ = (Y1 V 1b2) work analogously. O]
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Proof of the theorem of Ehrenfeucht and Fraissé

From

Lemma

Given a formula ¢ with free(¢) = {x1,...,x}. If AE ¢lajy,...,a;] and
B E (=¢)[bj, ..., bj] then Spoiler can win each game run over qr(¢) + |

moves which starts with a; — bj,,...,a; — bj.
it immediately follows in the case / = 0 that

Lemma
If A %y B then A » B.
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Construction: Winning strategy for Spoiler from sentence

A B
(=)
o :
@ @ @ BE E|x1Vx2. —E(x1,x2) a2

BE (Vxo =E(x1,x2))[ ba |

BE (mE(x1,x2))[ba, 1] BE (—\E(xl,xﬁbg] BWE(XL x2))[ba, ba)

/ya)q E(Xl\’XZ)
AE (3x E(x1,x))[a1] AFE (Ix E|(x1,X2))[a2] AE (3x E|(X1,X2))[a3] AE (x E|(X1,x2))[a4]

AEE(xt,x)[ a1,a2] AFE(x1,x)[ az,a3] AF E(xi,x2)[ az,as] AF E(x1,x)[ as, a2 ]
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Inexpressibility proofs
m Expressibility of a query in FO means that there is an FO formula
equivalent to that query;
m if there is such a formula, it must have some quantifier rank.

m We thus get the following methodology for proving inexpressibility:

Theorem (Methodology theorem)
Given a Boolean query Q. There is no FO sentence that expresses Q if
and only if there are, for each k, structures Ay, By such that

m A F Q,

m By ¥ Q and

m Ay~ Bk

Thus, EF games provide a complete methodology for constructing
inexpressibility proofs. To prove inexpressibility, we only have to

m construct suitable structures A, and By and
m prove that Ay ~k Bk. (This is usually the difficult part.)
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Example: Inexpressibility of the parity query

Definition (parity query)
Given a structure A with empty schema (i.e., only |A] is given).

Question: Does |.A| have an even number of elements?

m Construction of the structures A, and B, for arbitrary n:

|l = {a1,- .. an}  |Bul:={b1,..., bps1}

Lemma
A, ~k B, for all k < n.

(This is shown on the next slide.)
m On the other hand, A, F Parity if and only if B, ¥ Parity.

m It thus follows from the methodology theorem that parity is not
expressible in FO.
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Example: Inexpressibility of the parity query

Lemma
A, ~k B, for all k < n.

Proof.

We construct a winning strategy for Duplicator. This time no strategy
trees are explicitly shown, but a general construction is given.
We handle the case in which Spoiler plays on A,. The other direction is
analogous. If S; — a then
m D; — b where b is a new element of |B,| if a has not been played on
yet (=no token was put on it);

m If, for some j < i, Sj +— a,Dj — b’ or S; — b’, Dj — a was played

then D; — b’.
Over k moves, we only construct partial isomorphisms in this way and
obtain a winning strategy for Duplicator. O
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Undirected Paths

Theorem
Let Ly, Ly be undirected paths of length > 2%. Then Ly ~ Ly holds.

Proof idea.

m Consider the nodes in Ly and L, arranged from left to right, s.t. we
have a linear order on the nodes.

m Add nodes “min” on the left and “max" on the right of each path.

m For every i € {0,..., k}, consider the i-round EF-game and assume
that before the actual game, the additional nodes “min” and “max”
are played in the two graphs.

m Hence, after i moves, the players have chosen vectors
3= (a-1,a0,d1,...,a;) in Ly and b= (b_1, by, b1,..., b;) in Ly
with a_1 = b_1 = “min" and ag = by = “max”.

m As usual, we define the distance d(u, v) between two nodes u and v
as the length of the shortest path between v and v.
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Proof continued.

A winning strategy for the Duplicator can be obtained as follows:
The Duplicator can play in such a way that for every j, [ € {—1,...,i},
the following conditions hold:
if d(aj,a;) < 2K=7, then d(a;, a1) = d(bj, by);
if d(aj,a/) > 2k_i, then d(bj b/) > 2k_i;
a; < a; if and only if b; < by

The claim is proved by induction on i:
i = 0. Clear. In particular, we have d(a_1,ap) > 2% and
d(b—lv bO) 2 2k—0'

i — i+ 1. Suppose the spoiler makes the (i + 1)st move in L;.

(the case of Ly is symmetric.)

Case 1. aj41 = aj for some j. Then the Duplicator chooses b;; = b;.
Case 2. aj41 is in the interval aj and a; for some j, /.
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Proof continued.

Case 2.1. aj11 is “close to” aj, i.e., d(aj,ai41) < 2k~ 1.

Then the Duplicator chooses b;; in the interval b; and b; with

d(bj, bi+1) = d(aj, aiv1).

Case 2.2. ajy1 is “close to” ay, i.e., d(aj1,a) < 2k=—1.

Then the Duplicator chooses b;1 in the interval b; and b; with

d(bit1, b)) = d(aiy1, ).

Case 2.3. aj11 is _“far away from” both a; a_nd a, i.e.,

d(aj, a,-+1) > 2k=i=1 3nd d(a,-+1,a,) > IS=I=

Then the Duplicator chooses bj; in the middle between b; and b;. O
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m (Isolated) undirected cycles C,: Graphs with nodes {vi,...,v,} and
edges {(v1, v2), (v2, v3), ..., (Va—1, Va), (Vn, v1)}.

m After the first move, there is one distinguished node in the cycle, the
one with token S; or D; on it.

m We can treat this cycle like a path obtained by cutting the cycle at
the distinguished node.

S/Dl Al 52 Al S/Dl
ClO ® - —eo—0o—90o—0—0o—0o—0o—0 - - °

5/D1 A1 D> 53 A1 S/Dl
Cll ® - —eo—0o—90o—0—0o—0o—0o—0—0 - °

m Theorem. If n > 2K then C, ~x Cyy1.
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2-colorability

Definition
2-colorability: Given a graph, is there a function that maps each node to

either “red” or “green” such that no two adjacent nodes have the same
color?

Theorem

2-colorability is not expressible in FO.

Proof Sketch.
For each k,

m Ay Gy, the cycle of length 2k

m By: Cyyq, the cycle of length 2K + 1.

| | Ak a3 Bk.

m However, a cycle C, of length n is 2-colorable iff n is even.
Inexpressibility follows from the EF methodology theorem. O
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Acyclicity

From now on, “very long/large” means simply 2%.
Theorem

Acyclicity is not expressible in FO.

Proof Sketch.

m Ay: a very long path.
m By: a very long path plus (disconnected from it) a very large cycle.

| .Ak ~k Bk.
O
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Graph reachability

Theorem
Graph reachability from a to b is not expressible in FO.

a, b are constants or are given by an additional unary relation with two
entries.

Proof Sketch.
m Aj: a very large cycle in which the nodes a and b are maximally
distant.

m By: two very large cycles; a is a node of the first cycle and b a node
of the second.

| | .Ak a3 Bk.

Remark. The same structures Ay, B can be used to show that
connectedness of a graph is not expressible in FO.
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Further Examples

Theorem

The following Boolean queries are not expressible in FO:

m Hamiltonicity (does the graph have a Hamilton cycle);

m Eulerian Graph (does the graph have a Eulerian cycle, i.e., a round
trip that visits each edge of the graph exactly once);

m k-Colorability for arbitrary k > 2;

m Existence of a clique of size > n/2 (with n = number of vertices).
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Learning Objectives

m Rules of EF game
m Winning condition and winning strategies of EF games
m EF Theorem and its proof

m Inexpressibility proofs using the Methodology theorem
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