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When are simple strategies sutficient to Plag ol:)timang?
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Use of colors to define winning conclition/ Pre?erence relation

o o(o0 + @)
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Reachabilitg winning condition for P,

The game IS Playecﬂ using strategies:
c;: 5*S; > E
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c;:5*S. > E

r——( Subclasses of interest )
y

A
o Mcmorgless strategy: 0;: 5, > E
* Finite-memory strategy: o, defined
bg a finite-state Mea|9 machine |
8 J

« Reach the target with energy 0»

LooP 5 times in the initial state

I
QO
« Reach the target »

Ve

« V!S!t bOth Sl ancl S2 »

Every odd visit to s, gotos;

Every even visit to sy, go to s,
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The setting - Preference relation

7 C 7’and 7' C 7 means that 7 and 7’ are equa”y aPPreciatecl

7 C 7' and 7' & 7 means that 7' is Pre{:errecl over

e WC C”wnning condition:

n C ' it either 7 € W or T&W
e Quantitative real Pagomq f

7 E 7' it flm) < f(x)

Ex: MP, AE, TP

\.

Zero-sum assumption:

- Preference of P isC

~ Preference of P,isC~
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) O Focus on two memorgless

\f\/

strategjes

A

Stel:)s Steps

Constraint on the energy level (EL)

I\/\ean—~|:>ago1c1C (MP): long~run average Payog per transition
TotaLPago{:]C (TP)
Average-energy (AE)
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e Tobec is’tinguishecl from:

OPti mality of strategies

u 0l C

}
t
TI — T, is b rhan

Ja OP'HW\OZ when etr ill’l'J
lozﬂu K'\M\- Mvto"t%r

~ e-optimal

~ 5ubgame~[:>ermcect oPtimal (in our case: Nash equilibria)
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Y.

When are memorgless strategies

sufficient to Plag oPtimallﬂ?

| Quite often!

o Reachabilitgj saFetg, BUChi, Paritgj MP, EL >0, TP, AE, etc...

-

Can we characterize when theg are”?

YES!

And this is a beautiful result bg Gimbert and Zielonka, CONCUR 05

9
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The memoryless 5tor3

Sutficient conditions

‘e Characterization of the Pregerence relations aclmitting oPtimal

memorgless strategies for both Plagers in all finite games
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The Gimbert-Zielonka characterization
, |GZ05]
for memory less cletermmacg (2)

Characterization - Two—-Plager games

The two go”owing assertions are equivalent :
1. All finite games have memoryless oPtimal strategies for both

Plagers

2. Both C ancl E_l are monotone ancﬂ selective
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The Gimbert-Zielonka characterization
[GZ05]

for memory less cleterminacg 2)

Characterization - Two~Plager games

The two go”owing assertions are Cquivalent :

1. All finite games have memorgless optimal s‘crategies for both

Plagers

2. [‘Sotl’x C ancl E_l are monotone ancﬂ selective

Characterization - One~l:>|ager games
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Assume all P,-games have ol:)timal

memoxyless strategies.
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Whg? Proof hint (2)

, The case of one-
Assume C 1s monotone Plaﬂer games
and selective.

-
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é Nne l’)—'&‘: J[\Al.& l?Q.“‘u/-e?m / ﬂV\A (W\°/\o+ona,>
“,' nNo v&easo0A o sw o p a\-E -L (SKQLQ"\U\'LJ:)

No memory requirecl at r!
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o Easg to analgse the one—-l:)lager case (gral:)lﬁ analgsis}

Applications

it ng theorem

Verg Power?ul ancl extremelg usencul N Practice!

- Mean~Pago1C1c, average-energy [BMRLLI5]
e Allows to deduce Properties in the two~|:>lager case

1
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o Reaclnability, samcetgz

- Monotone (though not Preﬁx~independent)

- Selective

o Parity, mean—-Pagoxcmcz
= Preﬁx~independent hence monotone
- Selective

e Priority mean Pagog [GZ05]
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Discussion of examples

(,_{ E:xamples ]

o Reaclnabilitg, samcetgz
- Monotone (tlﬂough not Preﬁx~independent}
- Selective
o Parity, meaﬂ~P890‘F1C:
- Preﬁx~independent hence monotone
- Selective
o Priorit9 mean Payoﬁc [GZ05]
e Average-energy games [BMRLLIS]

~ Lhcting theorem!!

\u.
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We need memorg!

{
Objecti\/es/ Prfncerence relations become

more ancl more COmPlCX

e Biichi(A)ABiichi(B) requires finite memory

* MP,>0AMP, > 0requires infinite memory

! (-1,-1D
a.-n (L )

(=1,-1)
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Can we litt [GZ05] to finite memory?

Consider the ?o”owing winning condition for P;:

n n
liminf )’ ;=400 or I®nst Y ;=0
(B P
o OPtimal ﬁnitea-memoxy strategies N one~Plager games

e Butnotin two~[:>lager games!l

P, wins but uses infinite memory!

20
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How do we formalize finite memorg?
Stanclarcﬂg

To have an abstract theorem. ..

e The memory mechanism should not speak about information sl:)eciﬁc

to Particular games, hence:
~ Oypg should not speak of states
~ Qpg CAN speak of colors

(notion of « chromatic strategy » bﬂ Kol:)czynski)

21
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Arena~indepenclent memorg managemeﬂt

| Memorg skeleton .

€ Manda

MxXC-—->M

Init

o M = (M, My, aypy) With m

d
\. s
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Arena~indepenclent memorg managemeﬂt

| Memorg skeleton .

MxXC-—->M

o [ = (M, i aupd) Wlth it c ManCl aupd

\.

Not 9et a strategyl

Strategg with memory /A

e Additional next-move function: a

MXS;, - E

next
\,.
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Arena~indepenclent memory managemeﬂt

Memorg skeleton

Init

o M = (M, My, aypy) With m

€ Manda

upd :1W4’>< (j-—e»ikf

\.

Strategg with memory /A

e Additional next-move function: a

next

Not 9et a strategyl

MXS;, - E

The above skeleton is sutficient for the winning condition
Biichi (A) ABiichi(B)

22
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Example

Game arena A :

e One can however not applg the

result to Procluct games! ,
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Memory—depencjent monoton9 and selectivit9

et C be a Prmcerence relation and A a memory skeleton.

It is said

e I/ -monotone whenever
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Formal definitions of M-monotony and M-selectivity

Definition (M-monotony)

Let M = (M, mjit, aypd) be @ memory skeleton. A preference relation C is
M-monotone if for all m € M, for all K1, K, € R(C),

Aw € Lpm,...m, [WK1] C [WwKa] = VW' € Lin..m, [WK1] C [W'K3].

Definition (M-selectivity)

Let M = (M, Minit, upd) be @ memory skeleton. A preference relation C is
M-selective if for all w € C*, m = apd(minit, w), for all K1, K2 € R(C)
such that K1, K2 C L, m, for all K3 € R(C),

[W(K1 U Kz)*K3] C [WKik] U [WKQ*] U [WK3].
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Our characterization for # ~cleterminacg

Characterization - Two~Plager games

The two go”owing assertions are equivalent :
1. All finite games have oPtimal /A ~strategies for both Plagers
2. Both C and C—! are #-monotone and A -selective

Characterization - One~Plager games

triv

= We recover [GZ05] with # =
26



APPIications



Applications

Transter/Liftin g theorem




Applications

Transter/Liftin g theorem

\/erg Power?ul and extremelg useful in Practice!

27



Applicatbﬂs

Transter/Littin g theorem

\/erg Powermcul and extremely useful in Practice!

Subclasses of games




Memoxy%overecl arenas



Memoxy%overecl arenas

If the game has enough information from

then memorgless strategies will be suticient




Memoxy%overecl arenas

If the game has enough information from

then memorgless strategies will be suticient

COVCFCCI arcnas = samc PT’OPCrﬁCS as PFOCIUCt arcnas



Memoxy%overecl arenas

If the game has enough information from

then memorgless strategies will be suticient

COVCFCCI arcnas = samc PT’OPCrﬁCS as PFOCIUCt arcnas




Memoxy%overecl arenas

If the game has enough information from

then memorgless strategies will be suticient

COVCFCCI arcnas = samc PT’OPCrﬁCS as PFOCIUCt arcnas




E‘xample of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)



Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)




Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)
o \Lf ® C 1s M -monotone

but not A -selective

29



Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)

C 1s 4 (-monotone,

but not A -selective

29



Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)

C 1s 4 (-monotone,

but not A -selective

C is M,-selective

29



Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)
ﬂl \L’ ® C 1s 4 (-monotone,

but not A -selective

O C is M ,-selective
N o ,
% C is M -monotone and M ,-selective
C\le}

29



Example of aPPIication
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'ﬂl

|
\/
C\ o} Cmy ®—

C 1s 4 (-monotone,

but not A -selective

C is M,-selective

1
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Example of aPPIication

C defined bg a conjunction of reachabilitg Reach(‘) A Reach(’)
ﬂl \L’ ® C 1s 4 (-monotone,

but not A -selective

C is M,-selective

1
C is M -monotone and M ,-selective
C~!is M ,-monotone and M. ~selective

triv

= Memory M, is sufficient for both Plagers!!

29



Conclusion

A generalization o1C [GZ05] .

50



Conclusion

A generalization of [GZ05]

-

e To arena-inclel:)enclent finite memory

o APPIies to generalized reachabilitg or Paritg, lower- and upper-
bounded (multi-dimension) energy games

e .

L imitations

e Does only Cal:)ture arena~inclel:>enclent finite memory

e Harcl to generalize (remember Counter~example)

e Does not aPPIH to multi-dim. MP MP+Parit9, energy+MP (infinite

memorg}
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